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A density-matrix formalism within the length gauge is developed for the purpose of calculating
the nonlinear response of intrinsic bilayer graphene at terahertz frequencies. Employing a tight-
binding model, we find that interplay between the interband and intraband dynamics leads to strong
harmonic generation at moderate field amplitudes. Specifically, we find that at low temperature (10
K), the reflected field of undoped suspended bilayer graphene exhibits a third harmonic amplitude
that is 30% of the fundamental in the reflected field for an incident 1 THz single-cycle pulse with
a field amplitude of 1.5 kV/cm. More interestingly, we find that as the central frequency of the
incident radiation is increased, the third harmonic amplitude also increases; reaching a maximum
of 53% for an incident frequency of 2 THz and amplitude of 2.5 kV/cm.
I. INTRODUCTION
Commencing in 2004 with the first observation of free
standing graphene - along with the measurement of its
electronic properties [1]- there has been an abundance
of both experimental and theoretical work performed on
graphene and its multi-layered counterparts [2–7]. The
impetus behind this research arises from the intrigu-
ing electrical, mechanical, and optical properties pos-
sessed by graphene. Many of the intriguing properties
of monolayer graphene (MLG) are also present in bilayer
graphene (BLG). These include a zero-gap energy dis-
persion, a very high carrier mobility, high thermal con-
ductivity, and the ability to tune electric properties by
adjusting the carrier density through gating [2, 8].
Despite their similarities, BLG differs from MLG in
a number of ways. One important distinction is found
in the density of states of both systems. Close to the
Dirac points - the points within the first Brillouin zone
at which the conduction and valence bands touch - one
can show that although the interband matrix elements
for both systems are essentially the same, in BLG, the
number of states within 10 meV of the Dirac point is ap-
proximately 30 times larger than in MLG. This difference
in the density of states will have an effect on the inter-
band transitions of the two systems. In order to probe
this energy range one needs to probe BLG with radiation
that has frequencies in the terahertz range.
As with MLG, the absorption of optical and THz ra-
diation by BLG can be understood in terms of interband
and intraband transitions. The energies of photons at
THz frequencies are ideally suited to the study of intrin-
sic (undoped) BLG, where the Fermi level is at the Dirac
point. At these frequencies, interband transitions can
take place near the Dirac point, while the injected elec-
trons and holes are subsequently strongly driven within
their respective bands. As we shall see, the ability of
THz radiation to induce both intraband and interband
dynamics is fundamental in the emergence of a strong
nonlinear response in BLG.
Earlier studies on MLG have suggested the presence of
a strong nonlinearity at both optical and THz frequen-
cies [9–13]. Theoretical studies of BLG have indicated a
strong nonlinear effect in the THz to far-infrared regime,
whereby a moderate electric field can result in third har-
monic generation at room temperature [14]. Experiments
have been performed with the intent of observing the
nonlinear THz response of graphene, specifically third
harmonic generation. Although it has been observed by
using a 45-layer sample, it has not yet been successfully
observed in MLG or BLG [6, 7].
Almost all experimental investigations of the nonlin-
ear response of graphene have observed a response that
is dominated by intraband dynamics, due to the high
doping level of the samples. The large Fermi energy of
the doped system diminishes the interband current due to
Pauli blocking. For more moderate Fermi energies - tens
of meV - the interband dynamics can make a contribution
that is dependent on the field amplitude. In recent theo-
retical work on MLG, it was shown that if the Fermi level
is reduced to within a few meV of the Dirac point, the
magnitude of the interband current becomes comparable
to the intraband current, resulting in the presence of a
strong nonlinearity [15]. Specifically, it was found that
odd harmonics of the THz field should be generated. As
this interplay between interband and intraband dynamics
is a result of the zero-gap band structure, we also expect
to see a similar interplay in the carrier dynamics in BLG.
In this paper, we employ a four-band tight-binding
method to model the intraband and interband dynamics
of undoped suspended bilayer graphene in response to a
single-cycle THz pulse in the range of 1 to 5 THz. We use
this model to calculate the dependency of the third har-
monic response of BLG on the graphene temperature and
the central frequency of the pulse. The current densities
and the generated harmonics are calculated numerically
for two values of the temperature, 10 and 100 K. We find
that the ratio of the amplitude of the third harmonic to
the fundamental in the reflected field is reduced by an
order of magnitude as the temperature is increased from
10 to 100 K. Finally, we examine the nonlinear response
at a number of central THz frequencies. We find that as
2the central frequency increases from 1 to 5 THz, there
is an increase in the ratio of the third harmonic to the
fundamental; reaching a maximum at a central frequency
of 2 THz.
The paper is organized as follows. In section II, we
present the derivation of our theoretical model. A tight-
binding method is used to obtain dipole matrix elements
within the length gauge. The matrix elements are then
used in a four-band density matrix formalism in order to
calculate the interband and intraband current densities.
In section III, we present both the linear and nonlinear
THz response of numerical simulations for undoped BLG
at different temperatures and central THz frequencies.
The conclusions are presented in section IV.
II. THEORY
The calculations that we perform are based on a the-
oretical approach employing a density-matrix formalism
in the length gauge. A nearest-neighbor tight-binding
model is used to treat the π-electrons in the graphene,
which are taken to provide the conduction electrons only
[16].
II.1. Energy Bands
The tight-binding expression for the Bloch states is
given by
ψnk(r) = An (k)
∑
i
∑
R
Cni (k)ϕpz (r−R− ri) eik·R,
(1)
where An (k) is a normalization factor, n labels the con-
duction and valence bands, and the sum is over the
Bravais lattice vectors R. The sublattice coefficients,
Cni (k), are associated with the four carbon atoms within
the unit cell; the ϕpz (r) are the 2pz orbitals of car-
bon. The index i indicates a sum over the basis vectors
rA1 , rB1 , rA2 , rB2 , which give the position of sublattice
sites A1 and B1 in the top layer, and A2 and B2 in the
bottom layer (see Fig. 1). Explicitly, they are given by
rA1 = 0, rB1 = aox̂, rA2 = −aox̂ and rB2 = 0.
The vector of the sublattice coefficients is given by∣∣∣kn〉† = (Cn∗A1 (k) , Cn∗B1 (k) , Cn∗A2 (k) , Cn∗B2 (k)) .
Within the basis of these vectors, the secular equation
for BLG can be expressed as
det

−ǫnk f (k) t‖ 0 t⊥
f (k)∗ t‖ −ǫnk 0 0
0 0 −ǫnk f (k) t‖
t⊥ 0 f (k)
∗
t‖ −ǫnk
 = 0, (2)
with the eigenvalue of band n given by ǫnk.
The intralayer hopping energy, t‖, and the interlayer
hopping energy, t⊥, are approximately equal to 3.03 eV
FIG. 1. Schematic diagram of the crystal structure of BLG
and the labelling conventions for atoms in the unit cell. A
sites are in white, while B sites are in black.
and 0.3 eV, respectively [17]. The function f (k) ≡
(1+ e−ik·a1 + e−ik·a2), is a result of the nearest neighbor
intralayer electron hopping, where the ai are the primi-
tive translation vectors of graphene, given explicitly by
a1 =
3ao
2
x̂+
√
3ao
2
ŷ, a2 =
3ao
2
x̂−
√
3ao
2
ŷ. (3)
Here ao is the nearest-neighbour separation (ao ≃
1.42 A˚), not the length of the primitive vectors.
Equation (2) can be solved exactly to yield expressions
for the eigenvalues of BLG. In order of increasing energy,
these are given by
Ev1 = −
ǫ˜ (k) + t⊥
2
Ev2 = −
ǫ˜ (k) − t⊥
2
Ec1 =
ǫ˜ (k)− t⊥
2
Ec2 =
ǫ˜ (k) + t⊥
2
,
(4)
where the first two expressions represent the valence
bands, the second two the conduction bands and where
we define ǫ˜ (k) =
√
t2⊥ + 4|f (k) |2.
Due to the symmetry between the sublattices, the con-
duction and valence states in graphene are degenerate at
two Dirac points, given by:
Kao =
4π
3
√
3
ŷ,
K′ao =
8π
3
√
3
ŷ.
(5)
For energies within a few hundred meV of the Dirac
points, we can expand the crystal momentum around the
Dirac points as k = K + δk and k′ = K′ + δk, where
δk = kxxˆ + kyyˆ. With this expansion, we can express
the band energy near both Dirac points as ǫ˜ (k) as
ǫ˜ (K+ δk) ≈
√
t2⊥ + αk
2, (6)
3where k is the magnitude of the crystal momentum k ≡
|δk|, α = 4~2v2F , where vF = 3aot⊥/2~ is the Fermi
velocity. The energy dispersion given in Eq. (4) for the
four bands is shown in Fig. 2 for k-vectors near the K-
Dirac point.
FIG. 2. Band structure of unbiased bilayer graphene. Lower
energy bands touch at the Dirac point; higher energy bands
are separated by 2t⊥.
Using the expressions for the eigenvalues in Eq. (4), we
may also solve for the corresponding eigenstates exactly,
to obtain
∣∣∣kv1〉 = 12

− ( ǫ˜+t⊥ǫ˜ )1/2(
ǫ˜−t⊥
ǫ˜
)1/2
e−iχ
− ( ǫ˜−t⊥ǫ˜ )1/2 eiχ(
ǫ˜+t⊥
ǫ˜
)1/2
 , (7)
∣∣∣kv2〉 = 12

(
ǫ˜−t⊥
ǫ˜
)1/2
− ( ǫ˜+t⊥ǫ˜ )1/2 e−iχ
− ( ǫ˜+t⊥ǫ˜ )1/2 eiχ(
ǫ˜−t⊥
ǫ˜
)1/2
 , (8)
∣∣∣kc1〉 = 12

− ( ǫ˜−t⊥ǫ˜ )1/2
− ( ǫ˜+t⊥ǫ˜ )1/2 e−iχ(
ǫ˜+t⊥
ǫ˜
)1/2
eiχ(
ǫ˜−t⊥
ǫ˜
)1/2
 , (9)
∣∣∣kc2〉 = 12

(
ǫ˜+t⊥
ǫ˜
)1/2(
ǫ˜−t⊥
ǫ˜
)1/2
e−iχ(
ǫ˜−t⊥
ǫ˜
)1/2
eiχ(
ǫ˜+t⊥
ǫ˜
)1/2
 , (10)
where eiχ(k) = f (k) / |f (k)|, and we have supressed the
explicit k-dependencies for simplicity.
As discussed in previous studies [15, 18, 19], modelling
the nonlinear response of semiconductors in a limited
band model is only expected to be accurate if one uses the
length gauge. If instead the velocity gauge is employed,
unphysical low-frequency divergences arise in the nonlin-
ear response. As these divergences affect the response in
the THz regime, one must develop sum rules in order to
remove them. Moreover, trying to obtain the response to
higher and higher order in the field, these sum rules be-
come analytically intractable. Consequently, when using
a limited basis of bands, the length gauge is advanta-
geous. Hence, to model the THz interaction of BLG,
we employ the length gauge Hamiltonian, expressed as
H = H0− er ·E, where H0 is the full Hamiltonian of un-
perturbed BLG, e = −|e| is the charge of an electron, r
is the electron position vector, and E(t) is the THz elec-
tric field at the graphene. Given that we only consider
normally incident plane waves, the field is uniform over
the graphene sheets.
The carrier dynamics in BLG are calculated by solving
the equations of motion for the density matrix in the basis
of the Bloch states describing the four bands of BLG. For
these, we require the matrix elements of the Hamiltonian
between the various Bloch states:
〈
kn
∣∣∣H∣∣∣k′m〉 = En(k)δ(k − k′)δnm − e〈kn∣∣∣r∣∣∣k′m〉 · E(t).
(11)
The matrix elements of r between Bloch states can be
shown to be given by [15, 19]
〈n,k |r |m,k′〉 = δ(k− k′)ξnm(k) + iδnm∇kδ(k− k′),
(12)
where the connection elements are defined as
ξnm(k) =
(2π)2 i
Ω
∫
Ω
d3ru∗n,k (r)∇kum,k (r) , (13)
where Ω is the volume of a unit cell and unk(r) is the
periodic part of the Bloch function. These connection el-
ements have been calculated using our tight-binding wave
function. Ignoring the overlap of atomic wave functions
on different atoms, near the K-Dirac point the interband
connection elements can be shown to be given by
ξc1v2 (K+ δk) =
(
ǫ˜ + t⊥
2ǫ˜
)
θ̂
k
ξc2v1 (K+ δk) =
(
ǫ˜ − t⊥
2ǫ˜
)
θ̂
k
ξc1v1 (K+ δk) = −
i
√
αt⊥
2ǫ˜2
kˆ
ξc2c1 (K+ δk) = −
√
α
2ǫ˜
θ̂
ξc2v2 (k) = ξ
∗
c1v1 (k)
ξv2v1 (k) = ξc2c1 (k) ,
(14)
where δkˆ = cos(θ)xˆ+sin(θ)yˆ and θˆ = −sin(θ)xˆ+cos(θ)yˆ
are, respectively, the radial and angular unit vectors in
4cylindrical coordinates with the origin at the K-Dirac
point. Around the K′-Dirac point, we find that all the
connection elements change sign except for those with
components in the kˆ-direction. Explicitly, we have
ξc1v2 (K
′ + δk) = −ξc1v2 (K+ δk)
ξc2v1 (K
′ + δk) = −ξc2v1 (K+ δk)
ξc2c1 (K
′ + δk) = −ξc2c1 (K+ δk)
ξc1v1 (K
′ + δk) = ξc1v1 (K+ δk) .
(15)
Similarly, we can show that all the intraband connec-
tion elements - which are identical to the Berry connec-
tions of the respective bands [20, 21] - are zero, i.e.
ξnn (k) ≡ An (k) = 0. (16)
This is in agreement with the idea that the Berry phase
of BLG does not have to be simply 2π, but rather can
be an integer multiple of 2π [22]. The vanishing Berry
connection leads directly to a zero Berry curvature for
each of the four bands; which is expected due to inversion
symmetry present in BLG.
The dynamic equations for the density matrix elements
can be found using the approach of Aversa and Sipe [19],
which was used in similar work on MLG [15]. These
equations are given by
dρnm(k)
dt
= i
e
~
E(t) ·
∑
l
(ξnl(k)ρlm(k)− ρnl(k)ξlm(k))
− e
~
E(t) · ∇kρnm(k) − iωnm(k)ρnm(k)
− ρnm (k)− δnmρ
eq
nm(k)
τnm
,
(17)
where n,m = {c1, c2, v1, v2}, ωnm(k) = ωn(k)−ωm(k) =
(En(k) − Em(k))/~, and ρeqnm(k) = fn(k, T )δnm is the
carrier population in equilibrium when n = m, and is
zero otherwise; where fn(k, T ) is the Fermi-Dirac dis-
tribution at temperature T . In our numerical work, we
model the vacancy populations rather than the valence
band electrons to allow us to only include states near the
Dirac point, which greatly reduces computation time.
Previous studies have shown that the scattering times
in graphene are on the order of tens of femtoseconds
[6, 7], therefore to accurately model the THz response we
must take into account scattering processes. At the low
carrier densities considered in this work, carrier-carrier
scattering is expected to be relatively unimportant, and
the dominant scattering processes will be defect scat-
tering and electron-phonon scattering. To account for
these mechanisms in our model, we treat scattering phe-
nomenologically. We introduce an interband decoherence
time, τnm, for the interband coherences, ρnm(k), where
n 6= m. We assume the decoherence time to be inde-
pendent of k. The populations, ρnn(k), we take to relax
back to Fermi-Dirac thermal distributions, fn(k, T ), with
relaxation times, τn. Since the interaction with THz ra-
diation induces interband transitions, as the simulation
proceeds, we adjust the temperature of the Fermi-Dirac
distribution so that the carriers relax to the instanta-
neous carrier populations. Also, we neglect interband
relaxation as it has been found that the intraband scat-
tering times are much shorter than the time taken for
conduction band electrons to relax to the valence band
[23].
We employ a direct computational approach to solve
the above equations, wherein we put k on a grid and
step through time using a Runge-Kutta algorithm. To
facilitate this, we make use of balanced difference ap-
proximations to the gradients.
Now that we have the dynamic equations for the den-
sity matrix elements, we turn to determining the expres-
sion for the current density. Following the formalism of
Aversa and Sipe [19] the current density can be expressed
as
J(t) =
e
m
Tr {pρ(t)} . (18)
Using the fact that pm =
1
i~ [r, H ] , and decomposing the
position operator into intraband and interband parts, r =
ri + re, we can write this as [19]
J(t) =
e
i~
Tr {[r, H ] ρ(t)}
=
e
i~
∑
n
∑
k
〈n,k | [ri, H ] ρ(t) |n,k〉
+
e
i~
∑
n
∑
k
〈n,k | [re, H ] ρ(t) |n,k〉 ,
(19)
where the trace is over the single electron states, and
ρ(t) is the reduced density matrix with matrix elements
ρnm(k). The decompostion of the position operator al-
lows us to define the total current density as the sum of
an intraband contribution, Ji, and an interband contri-
bution, Je. Using our expression for the Hamiltonian,
as well as the matrix elements of the position operator
(Eq. 12), one may determine expressions for these con-
tributions. The procedure is similar to that presented in
recent work on MLG [24]. After considerable work, the
intraband current density near the K-Dirac point can be
shown to be given by
Ji =
αe
2~
∑
k
k
ǫ˜
{ρc1c1(k) + ρc2c2(k) + ρh1h1(k) + ρh2h2(k)}
− 2e
2
~
∑
k
Re {ρc1v2(k)∇k (E(t) · ξv2c1(k))
+ ρc2v1(k)∇k (E(t) · ξv1c2(k))
+ [ρc2v2(k)− ρc1v1(k)]∇k (E(t) · ξv2c2(k))
+ [ρc2c1(k) + ρv2v1(k)]∇k (E(t) · ξc1c2(k))} ,
(20)
while the interband current density is given by
5Je = 2e
∑
k
Re
{(
ǫ˜− t⊥
2ǫ˜
)
(−kyxˆ+ kxyˆ)
k2
ρ˙c1v2(k)
+
(
ǫ˜+ t⊥
2ǫ˜
)
(−kyxˆ+ kxyˆ)
k2
ρ˙c2v1(k)
+
i
√
αt⊥
2ǫ˜2
kxxˆ+ kyyˆ
k
(ρ˙c1v1(k)− ρ˙c2v2(k))
−
√
α
2ǫ˜
(−kyxˆ+ kxyˆ)
k
(ρ˙c2c1(k) + ρ˙v2v1(k))
}
.
(21)
The sums over k in the current density expressions are
restricted to a region near the K-Dirac point, and we in-
clude a factor of 2 to account for spin degeneracy. We also
need to take into account the current density near the K′
point. Similar to MLG, we find that due to the symme-
try of the Brillouin zone, the current densities around
both Dirac points are identical. To obtain the total cur-
rent density of BLG, we then only need to multiply the
results calculated at the K-point by two in order to ac-
count for this degeneracy.
In what follows, we consider a suspended BLG sample,
and use the time-dependent current densities to calculate
the transmitted and the reflected THz fields, using a pro-
cedure identical to that used for MLG [24]. We show in
the next section that for low amplitude fields, we obtain
the expected linear conductivities, which relate the THz
field at the graphene sheet to the induced current den-
sities. Furthermore, we have verified convergence in the
nonlinear regime by altering the grid density, the extent
of the grid, the time-step tolerance, and the polarization
of the incident field.
II.2. Linear Response
In order to calculate the linear response of BLG to an
incident field, we need to calculate expressions for the
density matrix elements to first order in the THz field.
Once we have these, we may then use Eq. (20) to express
the first order intraband current density as
Ji
(1) = C(ωp)
∫ ∞
0
dǫ˜′
(
1 +
t2⊥
(ǫ˜′ + t⊥)
2
)∑
n
fFD(En),
(22)
where ǫ˜′ is a shifted energy, given by ǫ˜′ = ǫ˜−t⊥. C(ωp) is
a frequency-dependent coefficient that includes the elec-
tric field:
C(ωp) =
i|e|2E (ωp) e−iωpt
2~2π (ωp + i/τc)
,
where we take our field to be harmonic,
E (t) = E (ωp) e
−iωpt.
In Eq. (22), the sum is over the Fermi-Dirac distributions
of the electrons and holes in the four bands of BLG. This
is given expilicity by
∑
n
fFD(En) =
1
1 + eβ(
ǫ˜′
2
−µ)
+
1
1 + eβ(
ǫ˜′
2
+µ)
+
1
1 + eβ(
ǫ˜′
2
+t⊥−µ)
+
1
1 + eβ(
ǫ˜′
2
+t⊥+µ)
,
(23)
where β = kBT and µ is the chemical potential of the
system.
As a check, we may evaluate the first order intraband
current density in the limit of zero interlayer coupling.
In this limit, t⊥ → 0, only the integral of the sum over
the distributions remains. Thus our intraband current
density reduces to
Ji
(1) = C(ωp)4kBT
{
ln
(
1 + eβµ
)
+ ln
(
1 + e−βµ
)}
= C(ωp)8kBT ln [2Cosh(βµ/2)] .
(24)
From here it is easy to read off the first order intraband
conductivity as being
lim
t⊥→0
σ
(1)
i (ω) =
4i|e|2kBT
~2π (ωp + i/τc)
ln
[
2Cosh(βµ/2)
]
.
(25)
This is the previously found result for the monolayer re-
ponse [10], multiplied by two to account for the two layers
of BLG.
For BLG (t⊥ 6= 0), the integral in Eq. (22) must be
evaluated numerically in general, however in the limit
that T → 0, it may be evaluated analytically. In this
limit the Fermi-Dirac distributions will behave as Heav-
iside step functions; having the effect that only energies
lower than the Fermi level, EF , contribute to the integral.
Assuming that our Fermi level is non-zero and located in
the conduction bands, we only get contributions from the
ρc1c1 (k) and ρc2c2 (k) distributions. In this case, we ob-
tain two distinct contributions to the intraband current
density. Thus, we are able to determine the intraband
conductivities of both conduction bands in the limit of
zero temperature. For the low-energy band c1, this is
given by
lim
T→0
σ
(1)
i (ω)c1 =
i|e|2EF
~2π (ωp + i/τc)
(EF + t⊥)
(EF +
t⊥
2 )
, (26)
while for the high-energy band c2, we have
lim
T→0
σ
(1)
i (ω)c2 =
i|e|2EF
~2π (ωp + i/τc)
(EF − t⊥)
(EF − t⊥2 )
θ(EF − t⊥).
(27)
Here the step function assures that the Fermi level must
be greater than t⊥ for ρc2c2 (k) to provide a contribution.
Similarly, we may now use Eq. (21), and the connec-
tion elements from Eq. (14), to express the first order
6interband current density as
J(1)e = D(ωp)
∫ ∞
0
dǫ˜′
{[
(ǫ˜′ + 2t⊥)
ǫ˜′ (ǫ˜′ + t⊥)
(
ǫ˜′
~
− ωp − i/τ
)
+
t2⊥
(ǫ˜′ + t⊥)
3 ( ǫ˜′+t⊥
~
− ωp − i/τ
)
− 1
(ǫ˜′ + t⊥)
(
t⊥
~
− ωp − i/τ
)]×R( ǫ˜′
2
)
+
[
ǫ˜′
(ǫ˜′ + t⊥) (ǫ˜′ + 2t⊥)
(
ǫ˜+2t⊥
~
− ωp − i/τ
)
+
t2⊥
(ǫ˜′ + t⊥)
3 ( ǫ˜′+t⊥
~
− ωp − i/τ
)
+
1
(ǫ˜′ + t⊥)
(
t⊥
~
− ωp − i/τ
)]×R( ǫ˜′
2
+ t⊥)
}
+ c.c,
(28)
where D(ωp) is a frequency dependent coefficient given
by
D(ωp) =
−iωp|e|2
4π~
E (ωp) e
−iωpt,
and the function R(x) is dependent on the temperature,
Fermi level and energy of the system, which is given ex-
plcitly by
R(x) =
sinhβ(x)
coshβµ+ coshβ(x)
.
We may evaluate the above integral analytically in the
limit of zero temperature and scattering, where T → 0
and τ →∞, respectively. In this limit, the complex fac-
tors in each term reduce to a Dirac delta function - when
we neglect the contribution of the principal part of the in-
tegral. Taking only the positive frequency portion of the
above expression, we obtain for the first order interband
conductivity
lim
T→0
τ→∞
σ(1)e (ωp) =
|e|2
4~
{
(~ωp + 2t⊥)
(~ωp + t⊥)
+
2t2⊥
~2ω2p
θ (~ωp − t⊥)
+
(~ωp − 2t⊥)
(~ωp − t⊥) θ (~ωp − 2t⊥)
}
.
(29)
This expression agrees with those found in the literature
[25, 26]. We see that BLG exhibits a minimum conduc-
tivity that is associated with interband transitions. For
very large incident frequencies, this minimum conductiv-
ity is given by |e|
2
2~ , which is twice that found in monolayer
graphene, as expected.
We may also use Eqs. (22) and (28) to determine
the first order current densities at non-zero temperatures
and scattering times, which is a closer approximation of
experimental conditions. We present the results of this
analysis in the next section.
III. SIMULATION RESULTS
We have shown that our analytic expressions for the
linear THz response agrees with the literature in certain
limits. Going beyond the linear regime to determine the
response at higher order in the THz field is our main in-
terest. We want to be able to examine the dependency
of the THz response on the temperature and incident
frequency of BLG. To achieve this aim we employ a sim-
ulation, which offers the ability to control the desired
parameters, and calculate the interband and intraband
current densities at the desired field amplitudes. The
field transmitted from the BLG is calculated as a func-
tion of the current densities and the incident field. The
transmitted field is then spectrally analyzed to determine
its frequency components; high harmonic generation in
the spectral composition indicating nonlinear behaviour.
We begin with a check on the first order calculations by
comparing the linear conductivity derived from the first
order equations of the previous section to that calculated
by the full simulation. We then proceed to examine the
higher order response of BLG, determining at which inci-
dent field amplitudes we might expect to see the largest
generation of the third harmonic.
III.1. Linear Results
As an initial check, we compare on a single plot the
conductivity arising from the full current density (intra-
band and interband), as calculated by both the simula-
tion and the closed form expressions (Eqs. (22) and (28)).
We plot these results in Figs. 3 and 4 for Fermi levels
of 60 and 360 meV respectively, which correspond to en-
ergies of 0.2t⊥ and 1.2t⊥. These values also allow us to
make comparisons to similar work found in the literature
[26]. In both instances, the scattering time is 80 fs, and
the temperature is 50 K. As can be seen the agreement
between the simulated and first order results is excellent.
In both plots we see features at incident freqeuncies of
f = 0 and f ≃ 75 THz. The zero frequency peak is a
result of the intraband Drude response. This feature van-
ishes for zero Fermi level and temperature, as the intra-
band transitions become negligible in this limit. The sec-
ond peak at f ≃ 75 THz is due to the difference in energy
between the two conduction bands of BLG (≃ 300meV ).
Specifically, it arises from the perfect nesting between the
dispersions of the higher and lower conduction bands,
c2& c1. These two bands sit directly on top of one an-
other and differ in energy only by the constant displace-
ment t⊥. Thus, the nesting of the bands leads to a large
spectral weight at frequencies close to t⊥, which is ap-
proximately equivalent to 75 THz. The additional fea-
tures present in the plots reflect other possible interband
transitions, such as v1 → c1 or v1 → c2. These tran-
sitions require incident radiation of energy t⊥and 2t⊥,
respectively, and their spectral weights are largely de-
pendent on the Fermi level.
7FIG. 3. Comparison of the full linear conductivity, calcu-
lated by computer simulation and numerical integration of
the closed form expression. Fermi level is 60meV (0.2t⊥),
scattering time is 80 fs, and temperature is 50 K. Conductiv-
ity is measured in units of the universal conductivity of BLG,
σ0 = e
2/2~.
FIG. 4. Comparison of the full linear conductivity, calcu-
lated by computer simulation and numerical integration of
the closed form expression. Fermi level is 360meV (1.2t⊥),
scattering time is 80 fs, and temperature is 50 K. Conductiv-
ity is measured in units of the universal conductivity of BLG,
σ0 = e
2/2~.
III.2. Nonlinear Results
We now present our simulation results for the nonlin-
ear THz response of BLG. In each of our simulations for
BLG we took the sample to be undoped (µ = 0). The
response was then calculated at field amplitudes ranging
from 0.5 kV/cm to 2.0 kV/cm at two different tempera-
tures: 10 K and 100 K. This is followed by the calculation
of the response at several incident frequencies at a tem-
perature of 10 K. For the system and fields modelled in
this section, only the v2 and c1 bands contribute to the
THz response.
Our input THz field is a sinusoidal Gaussian pulse with
central frequency of 1 THz and full width at half max-
imum (FWHM) of 1 ps. Mathematically, this may be
expressed as
Ei(t) = E0e
−4log(2)
(
t−t0
TFWHM
)
2
sin [2πf0(t− t0)] , (30)
where t0 and TFWHM are the temporal shift and full
width at half maximum of the Gaussian pulse, respec-
tively. The central frequency of the pulse is given by f0.
We take our scattering and relaxation times to be fixed
at 50 fs, which is an average of theoretical and measured
values for such (sample-dependent) constants. This is
a conservative estimate for undoped BLG at low tem-
perature; an increase in this time will lead to stronger
harmonic generation [15]. In the simulation, we keep the
Fermi level at the Dirac point and as carriers are injected
we raise the temperature of the distribution to which the
carriers relax to account for the increase in the carrier
density.
T=10 K Results
At a temperature of 10 K, the intrinsic thermal carrier
density in BLG is approximately 1.4× 1010/cm2 and the
electrons have an average energy of 1.03 meV. In com-
parison, at this temperature MLG has an intrinsic carrier
density of approximately 2.0× 108/cm2, and an average
electron energy of 1.89 meV. Thus, we find a much larger
thermal carrier density in BLG than we do in MLG. How-
ever, the average energy of the carriers is slightly larger
in MLG. In both cases, the average electron energy is
much less than the central photon energy of 4.14 meV
associated with a 1 THz pulse, thus to first order in the
field, interband transitions are largely unaffected by the
thermal energy.
All of the carriers (injected and thermal) are driven
within the conduction and valence bands by the applied
electric field. The subsequent motion leads to a blocking
and unblocking of the electronic states that are avail-
able for extra carrier injection. This results in an inter-
play between intraband and interband dynamics that is
paramount in producing the nonlinear response [15].
We now present results for a number of different field
amplitudes. In Fig. 5, we plot the intraband and in-
terband current densities for four different incident field
amplitudes (0.5, 1, 1.5 and 2 kV/cm). All current densi-
ties are normalized to the peak value, E0, of the incident
field such that, if the response were linear, these relative
currents would be unchanged by an increase in incident
field. This allows for a comparison of the currents at
each field amplitude, and for the clear identification of
any nonlinear behaviour. In what follows, we refer to
these as relative current densities. The calculated rel-
ative intraband and interband current densities at these
specific field amplitudes are shown in Figs. 5(a) and 5(b),
respectively.
Looking first at the intraband current density, we find
that as the field amplitude is increased, the relative in-
traband current decreases. This is due to the ‘clipping‘
phenomena that is a property of linear dispersions, such
8FIG. 5. Response of BLG to a incident field of 1 THz at
T=10K and for four different field amplitudes. a) Intraband
current density normalized to incident field amplitude. b)
Interband current density normalized to incident field ampli-
tude.
as that found in MLG. Although BLG has a parabolic
dispersion near the Dirac point, as we move away from
this point, the dispersion becomes linear (see Fig. 2).
Thus, the high field amplitudes drive carriers far enough
away from the Dirac point such that they occupy the lin-
ear part of the band structure. In this region, the carrier
velocities become constant and the field is not able to
drive them to higher velocities; the intraband current is
clipped as a result.
We note, however, that the current clipping nonlinear-
ity in the intraband current density is much smaller than
the nonlinearity seen in the interband current. We also
note that due to the large intrinsic carrier density of BLG
due to the large number of states, carrier injection has
only a minor effect on the intraband current density at
these field amplitudes. This is in contrast to MLG, where
one finds a substantial increase in the relative intraband
current density arising from the injection of carriers [15].
Examining next the interband current density, we ob-
serve large distortions for all of the field amplitudes.
Based on the strength of these distortions, we expect
the interband current to be a large source of nonlinear-
ity at these field amplitudes. The motion of the charge
carriers in the conduction band gives rise to an interplay
between intraband and interband dynamics. We can vi-
sualize this interplay between interband and intraband
motion via a plot of the electron density in the conduc-
tion band, as shown in Fig. 6. As the pulse hits the BLG
sample, the population of carriers in the conduction band
is driven away from the Dirac point by the incident THz
field; this driving of the carriers within each band is the
source of the intraband current. Fig. 6(a) shows the ini-
tial electron density before the pulse hits. In Fig. 6(b)
we see the density at t = 1.75 ps, where the magnitude
of the amplitude of the incident field is a maximum. We
can see the distribution has been driven to the right of
the Dirac point. This intraband motion also opens up
electron states near the Dirac point that were previously
occupied before the pulse arrived. As a result of the re-
duction in Pauli blocking, carriers from the valence band
FIG. 6. Electron density distribution in k-space (a) for the
initial thermal distribution and (b) at time t=1.75 ps for a
0.5 kV/cm incident field. White lines indicate the position of
the Dirac point.
v2 may be injected into the conduction band c1 near the
Dirac point. This is evidenced in the dark, high-density
regions that appear above and below the ky = 0 line to
the right of the Dirac point in Fig. 6(b). This carrier
injection is the source of the interband current.
Thus, we see that there is an interesting relationship
between the intraband and interband dynamics; the mo-
tion of carriers within each band has an effect on both
interband and intraband current densities. Importantly,
this relationship manifests itself in the nonlinear response
of BLG.
We now plot the time-dependent reflected fields nor-
malized to the peak value of the different incident field
amplitudes in Fig. 7(a), and the spectral responses nor-
malized to the peak amplitude at the fundamental fre-
quency (1 THz) in Fig. 7(b).
FIG. 7. Response of BLG to a incident field of 1 THz at
T=10K for four different field amplitudes. a) The reflected
field in the temporal domain, normalized to the amplitude
of the incident field. Value of Er/E0 is multiplied by 100
for clarity. b) The amplitude spectra of the reflected signal
normalized to the peak at the fundamental frequency of 1
THz.
In the upper plot we can see strong distortion of the re-
flected fields for all of the selected field amplitudes. Note
that because there is no substrate the induced current
9is the entire source of the reflected field, which only has
a peak amplitude of approximately 2 V/cm for the inci-
dent field of 1 kV/cm. To see harmonic content in the
reflected field, Fig. 7(b) we plot the Fourier transform of
the reflected fields normalized to the peak reflected field
at the fundamental frequency. We find that at the low-
est field amplitude of 0.5 kV/cm, there is a clear third
harmonic signal. Furthermore, we see a maximum in
the third harmonic of the relfected field at an incident
field amplitude of about 1.5 kV/cm. At this amplitude
the third harmonic reaches a maximum of approximately
30% of the reflected spectral peak at the fundamental.
As we increase the incident field amplitude further, we
begin to see a decrease in the third harmonic.
Moreover, at these high field amplitudes we also see
the presence of the 5th harmonic, which is largely absent
at lower field amplitudes. Its amplitude takes a maxi-
mum value of approximately 15% the spectral peak at
the fundamental for an incident field of 2 kV/cm. The
appearance of the fifth harmonic indicates that at the
higher field amplitudes fifth order processes are signifi-
cant. Just as was found with MLG [15], the fifth order
response results in a decrease in the third harmonic.
T=100 K Results
We next present results for simulations at a tempera-
ture of 100 K. At this temperature, the intrinsic thermal
carrier density is 3.4×1010/cm2 and the average thermal
electron energy is 10.8 meV. This is compared to the av-
erage photon energy of 4.14 meV associated with a 1 THz
pulse. Thus, the Pauli blocking of the interband transi-
tions is increased due to the increased thermal popula-
tions of carriers; reducing the overall interband current
density. Additionally, the increase in thermal carriers
gives rise to an increase in the intraband current density.
Thus, at this temperature the intraband current is dom-
inant, resulting in a reduction in the interplay between
intraband and interband dynamics, and ultimately a re-
duction in high harmonic generation.
We can see this by looking again at both the reflected
field and the spectral response for each of the incident
field amplitudes. The normalized time-dependent re-
flected fields for the different field amplitudes are shown
in Fig. 8(a), and the spectral responses normalized to the
peak amplitude at the fundamental frequency (1 THz)
are presented in Fig. 8(b).
In the upper plot we see far less distortion in the re-
flected fields than we do at T=10 K, for all of the selected
field amplitudes. The reduction in distortion is again due
to the increase in the thermal carrier density and subse-
quent increase in Pauli blocking. In turn this results
in diminished harmonic generation, which is shown in
Fig. 8(b). We find a maximum in the third harmonic
of the relfected field at an incident field amplitude that
is now approximately 1 kV/cm. At this amplitude it
reaches a maximum of only approximately 2.8% of the
reflected peak at the fundamental, which is still greater
FIG. 8. Response of BLG to a incident field of 1 THz at
T=100K for four different field amplitudes. a) The reflected
field in the temporal domain, normalized to the amplitude
of the incident field. Value of Er/E0 is multiplied by 100
for clarity. b) The amplitude spectra of the reflected signal
normalized to the peak at the fundamental frequency of 1
THz.
than that found in MLG at the same temperature [24].
At higher field amplitudes, we also see the presence of
the 5th harmonic. Its amplitude takes a maximum value
of approximately 1.5% of the peak at the fundamental
for an incident field of 2 kV/cm.
Thus, we find that as the temperature of the system
is increased, the nonlinear response - specifically, high
harmonic generation - is greatly diminished as a result
of the reduction in the interplay between interband and
intraband dynamics. Therefore, if one is to observe high
harmonic generation (HHG) experimentally in BLG, it
is apparent that low temperatures are necessary. This
allows for the maximization of the dynamic interplay that
is paramount to the nonlinear repsonse.
Effect of Central Frequency
Finally, we study the effect that the central frequency
of the incident pulse has on the generation of the third
harmonic. The interplay between intraband and inter-
band dynamics has a strong dependence on the cen-
tral frequency, because when the central frequency is in-
creased, the carriers are injected farther from the Dirac
point. In Fig. 9 , we plot the normalized third harmonic
amplitude as a function of the incident THz field ampli-
tude for central frequencies of 1.0, 2.0 and 5.0 THz. In
each case, we adjust the duration of the pulse such that
the product of the central frequency and the pulse du-
ration is constant, so that the pulse remains single-cycle
for each of the central frequencies considered.
As the central frequency of the incident pulse is in-
creased, we observe a maximum third harmonic ampli-
tude that is larger in comparison to the simulations per-
formed at 1 THz. For a central frequency of 2 THz, the
normalized third harmonic amplitude peaks at approxi-
mately 53% of the fundamental for a field amplitude of
2.5 kV/cm. This is compared to a value of 30% for the
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FIG. 9. Third harmonic amplitude spectra normalized to the
peak of the fundamental central frequency, for three different
incident frequencies: 1, 2 and 5 THz.
central frequency of 1 THz at a field amplitude of 1.5
kV/cm.
As the pulse frequency is increased further to 5 THz,
the maximum normalized third harmonic is found to de-
crease to 40% of the fundamental. Furthermore, this
maximum value is not obtained until the input field am-
plitude reaches 5 kV/cm.
The observed increase in the nonlinear interplay with
increasing central frequency is a result of a number of
factors. First, due to the approximately inverse relation-
ship between the linear conductivity and the frequency,
the intraband current density decreases as we increase
the central frequency of the pulse. This in turn increases
the ratio of the third harmonic to the fundamental, due
to the reduction in the part of the reflected fundamental
that arises due to the intraband current.
Additionally, we find that as the incident frequency
is increased there is an increase in the interband cur-
rent density. The increase arises because the interband
transitions that are resonant with the 2 THz and 5 Thz
photons are mostly unoccupied when the pulse arrives,
whereas at lower frequencies they may be occupied by
either thermal or injected carriers. This larger interband
current density results in an increased dynamic interplay,
and thereby yields a larger third harmonic field.
IV. SUMMARY
We have presented a detailed study of the nonlinear
response of unbiased bilayer graphene at THz frequen-
cies. A theoretical model has been developed, which is
based on the dynamic equations of density matrix ele-
ments, employing the length gauge. The model enabled
the calculation of eigenvalues and eigenvectors of BLG,
as well as interband and intraband connection elements.
Expressions for interband and intraband current densi-
ties were also derived.
Through the use of simulation, we determined solu-
tions of the density matrix dynamic equations. These
solutions were then applied to the study of high harmonic
generation in BLG. Investigating the effect of system pa-
rameters - such as the central THz frequency and the
ambient temperature - on third harmonic generation was
the main focus.
Our results show that for a temperature of 10 K, scat-
tering time of 50 fs and incident field of 1 THz, the third
harmonic can be as large as 30% of the fundamental for
an incident THz field of 1.5 kV/cm. As we increase the
temperature to 100 K, we find that the maximum third
harmonic generation is reduced by an order of magnitude,
due to the reduction in interband transitions.
Finally, we found that as the central THz frequency is
increased from 1 to 5 THz, we see an increase in the third
harmonic amplitude; reaching a maximum of 53% of the
fundamental for a 2 THz incident field at 2.5 kV/cm.
These results may be of use to experimentalists aiming
to probe the nonlinear response of bilayer graphene.
To experimentally observe the high harmonics we pre-
dict for BLG, one must consider the dynamic range of the
THz spectrometers - defined as the ratio of the frequency
dependent signal strength to the detected noise floor [27].
For a 1 THz incident field of 1 kV/cm, we find the peak
amplitude of the reflected field to be approximately 2.2
V/cm (53 dB less than the incident field). Thus, a de-
tection technique that allows for a dynamic range larger
than 53 dB is required for the measurement of the re-
flected signal. Such a dynamic range is experimentally
feasible; a dynamic range of 90 dB has been reported in
recent work [28].
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